Let Homeo0 R 2 ; 0 be the set of all homeomorphisms of the plane isotopic to the identity and which fix 0. Recently in [LeR13] Frédéric Le Roux gave the definition of the local rotation set of an isotopy I in Homeo0 R 2 ; 0 from the identity to a homeomorphism f and he asked if this set is always an interval. In this article we give a positive answers to this question and to the analogous question in the case of the open annulus.
Introduction
The concept of rotation number was introduced by H. Poincaré to study the dynamics of orientation-preserving homeomorphisms of the circle T 1 (in the context of torus flows, see [Poi85] ). More precisely, for every orientation-preserving homeomorphism h of the circle T 1 , H. Poincaré defined a number ρ(h), measuring the "asymptotic speed of rotation of the orbits of h around T 1 ". He proved that this number provides information about the dynamics of h. The construction of H. Poincaré can be generalized for homeomorphisms of surfaces. In the case of the two-dimensional torus T 2 = R 2 /Z 2 , this notion of rotation set was introduced by M. Misiurewicz and K. Ziemian (see [MZ89] ). For a torus homeomorphism f which is isotopic to the identity, the rotation set associated to some lift f of f , denoted ρ( f ), is a subset of R 2 . In this, and in many other articles it is studied the relation between the rotation set and the dynamics of f . For example if (p 1 /q, p 2 /q) is a rational point in the interior of ρ( f ), then there exists a q-periodic point for f (see [Fra88] ). In [LM91] is proved that if ρ( f ) has interior non-empty, then f has positive entropy. More recently, using transverse foliations to the dynamics, one can give more precise descriptions of the dynamics of some homeomorphisms of the torus (see for example [Dav13] and [LT15] ).
Main results
In this article, we are interested in the local case and in the case of the open annulus A = T 1 × R. In the local case, firstly, V. Naȋshul ′ proved that for diffeomorphisms f which fix 0 and whose differential at 0 is a rotation, the angle of the rotation is a topological invariant (see [Naȋ82] ). In [GP95] J.-M. Gambaudo and E. Pécou gave a simple proof of Naȋshul ′ result. Next P. Le Calvez (see [LeC03] ) and then P. Le Calvez and J. C. Yoccoz (see [LY97] ) defined the local rotation number of some homeomorphisms. These works provide settings where the local rotation set is a single number. More recently, F. Le Roux defined the local rotation set for a general homeomorphism isotopic to the identity of the plane which fixes 0 (see [LeR13] ). An easy but important example is the family of the fibered rotations. For a continuous function α : (0, +∞) → R we define the fibered rotation as:
h α : (r, θ) → (r, θ + α(r)).
In this case, the local rotation set of h α coincides with the limit points of the function α at 0. Hence for every compact interval in [−∞, +∞] there exists a fibered rotation whose local rotation set is this interval. A natural question is: Is the local rotation set always an interval? The following theorem give a positive answer to the above question. We denote by Homeo 0 R 2 ; 0 the set of all homeomorphisms of the plane which are isotopic to the identity and which fix 0.
Theorem A. Let I be an isotopy in Homeo 0 R 2 ; 0 starting from the identity. Then the local rotation set of I, ρ loc (I), is an interval. More precisely: every rational number p q belonging to the interior of the convex hull of ρ loc (I) is included in the rotation set of a compact invariant set K arbitrarily close to 0.
Let us turn to the case of the open annulus A = T 1 × R. The notion of rotation set was introduced by J. Franks (see [Fra96] , see also [LeR13] ). On the other hand, P. Le Calvez introduced the rotation set of recurrent points (see [LeC01] ). Moreover these sets coincide if the latter is non-empty and the homeomorphism satisfies the intersection property (see [Wan14] ). Our second result is the following. We denote by Homeo 0 (A) the set of all homeomorphisms of the open annulus which are isotopic to the identity.
Theorem B. Let I be an isotopy in Homeo 0 (A) starting from the identity. Then the rotation set in the open annulus, ρ ann (I), is an interval.
Analogous results for some compact surfaces
Let us recall briefly analogous results of Theorems A and B for some compact surfaces. In the case of the closed annulus A = T 1 × [0, 1], one can easily give a positive answer to above question. Let f be a homeomorphism of the closed annulus which is isotopic to the identity and let I be an isotopy from the identity to f . There is a lift f : R × [0, 1] → R × [0, 1] of f associated to I. The rotation set of I is a compact interval of R, which measures the asymptotic speeds of rotation of the orbits of f around the annulus. More precisely let n ≥ 1 be an integer, we define where p 1 : R × [0, 1] → R is the projection on the first coordinate. The rotation set of I is
Since A is a connected set, the set ρ n is a connected subset of R. Using that ρ kn is contained in ρ n for every integer k ≥ 1, we deduce that ∪ n≥m ρ n is an interval for all integer m ≥ 1, and thus ρ(I) being a decreasing sequence of intervals, it is an interval.
In the case of the two-dimensional torus T 2 = R 2 /Z 2 , M. Misiurewicz and K. Ziemmian proved in [MZ89] that the rotation set is a compact convex subset of R 2 . However, it is not known which compact and convex subsets of the plane can be realized as rotation sets of homeomorphisms of T 2 . It was conjectured by J. Franks and M. Misiurewicz in [FM90] that a line segment L could not be realized as a rotation set of a torus homeomorphisms in the following cases: (i) L has irrational slope and a rational point in its interior, (ii) L has rational slope but no rational points and (iii) L has irrational slope and no rational points. Recently P. Le Calvez and F. A. Tal proved case (i) (see [LT15] ), and A.Ávila has announced a counter-example for case (iii).
At first sight, the local case and the open annulus case may seem very close to the closed annulus case. However, if we try the straightforward adaptation of the notion of rotation set of the closed annulus, the invariance by topological conjugacy fails. A solution for this is "to select good orbits", but the resulting definition is a little more complex (see the definition of ρ K (I) below) and the easy argument for the case of the closed annulus fails to prove the connectedness of the local rotation set.
Strategy of the Proofs
Now, we will give the precise definitions and the strategy of the proof of Theorem A (these can be adapted to prove Theorem B). Let f be in Homeo 0 R 2 ; 0 i.e. a homeomorphism of the plane R 2 which is isotopic to the identity and which fixes 0. Let I = (f t ) t∈[0,1] be an isotopy from the identity to f in Homeo 0 R 2 ; 0 , that is a continuous path t → f t from [0, 1] to Homeo 0 R 2 ; 0 (endowed with the compact-open topology), which connects the identity to f 1 = f . Let π : R×(0, +∞) → R 2 \{0} be the universal covering of R 2 \{0} and let I = ( f t ) t∈ [0, 1] be the lift of the isotopy I to the universal covering of R 2 \{0} such that f 0 = Id, one defines f := f 1 . Given z ∈ R 2 \ {0}, and an integer n ≥ 1 we consider ρ n (z) the average change of angular coordinate along the trajectory of z for the isotopy I, i.e. ρ n (z) := 1 n (p 1 ( f n ( z)) − p 1 ( z)), where p 1 : R × (0, +∞) → R is the projection on the first coordinate and z is a point in π −1 (z). Next for a compact set K in R 2 \ {0} we define
where the closure is taken in R := R∪{+∞}∪{−∞}. We will give the definition of the local rotation set of I due to F. Le Roux (see [LeR13] ). Given two neighborhoods V and W of 0 with W ⊂ V , we define The local rotation set of the isotopy I is defined as
where W ⊂ V are neighborhoods of 0. Note that ρ V,W (I) is analogous to the above definition of ρ K (I) with K = V \ W . Using usual properties of the rotation sets, we can reduce the proof of Theorem A to the following theorem.
Theorem A*. Let I be an isotopy in Homeo 0 R 2 ; 0 from the identity to a homeomorphism f . Suppose that the local rotation set ρ loc (I) contains both positive and negative real numbers. Then 0 belongs to ρ loc (I). More precisely, for every V neighborhood of 0, there exists an f -invariant and compact set K in R 2 \ {0} contained in V , such that 0 belongs to ρ K (I).
This theorem is an improvement of a result due to F. Le Roux. Under the hypotheses of Theorem A * and assuming furthermore that f satisfies the local intersection property, i.e. every Jordan curve γ non-contractible in R 2 \ {0} meets its image under f , i.e. f (γ) ∩ γ = ∅, he proved that V contains a contractible fixed point z under I, i.e. a fixed point of f such that its trajectory under the isotopy I, z → f t (z) is a loop contractible in R 2 \ {0} (see [LeR13] and for the case of the open annulus [LeC05] ). Thus we see that, in this case, we take K = {z}.
On the other hand, let us examine the opposite case when f does not have any contractible fixed point close enough to 0. We can apply a generalization of Brouwer's translation theorem due to P. Le Calvez (see [LeC05] ), and we obtain an oriented foliation F defined in R 2 \ {0} which is positively transverse to the isotopy I. Let γ be a closed leaf of F . Then γ is a Jordan curve, it is essential i.e. non-contractible in R 2 \{0}, and it is f -free, i.e. f (γ)∩γ = ∅. Using the fact that ρ loc (I) contains both positive and negative real numbers, one obtains the following situation. In every neighborhood of 0, there exist three closed leaves γ 0 , γ 1 and γ 2 of F such that: (i) the curve γ 1 separates γ 0 et γ 2 .
(ii) The set of the points x such that all iterates of x under f remain between γ 0 and γ 1 is non-empty and its rotation set is contained in (0, +∞).
(iii) The set of the points x such that all iterates of x under f remain between γ 1 and γ 2 is non-empty and its rotation set is contained in (−∞, 0).
Thus Theorem A * will be a consequence of the following theorem. This is the main and new result of this article. For E subset of R 2 \ {0} we write Θ(E) for the maximal invariant set of E, that is, the set of the points x of E such that all iterates of x under f remain in E. We remark that R 2 \ {0} is homeomorphic to the open annulus A, and so all above definitions are valid in A.
Theorem C. Let I be an isotopy in Homeo 0 (A) from the identity to a homeomorphism f . Assume that there exist γ 0 , γ 1 and γ 2 three essential, pairwise disjoint and f -free Jordan curves in the annulus A such that γ 1 separates γ 0 of γ 2 . For i ∈ {0, 1} let Θ(A i ) be the maximal invariant set of the annulus A i delimited by γ i and γ i+1 . Suppose that (i) the sets Θ(A 0 ) and Θ(A 1 ) are non-empty; and
is contained in the other one.
Let Θ(A) be the maximal invariant set of A = A 0 ∪ A 1 . Then 0 ∈ ρ Θ(A) (I). Theorem D. Let I be an isotopy in Homeo 0 (A) from the identity to a homeomorphism f . Assume that there exist γ + and γ − two essential, disjoint f -free
Preliminary results
In this section, we will recall some definitions and results that we will use in the rest of the article, in particular the generalization of Brouwer's Translation Theorem due to P. Le Calvez.
Foliations
Let M be an oriented surface. By an oriented foliation with singularities F on M we mean a closed set Sing(F ), called the set of singularities of F , together with an oriented topological foliation F ′ on M \ Sing(F ), i.e. F ′ is a partition of M \ Sing(F ) into connected oriented 1-manifold (circles or lines) called leaf of F , such that for every z in M \ Sing(F ) there exists a neighborhood U of z, called trivializing neighborhood and an oriented preserving homeomorphism ψ, called trivialization chart at z mapping U to an open set U ′ of R 2 such that ψ maps the foliation induced by F in U to the oriented foliation by vertical lines oriented upwards. By a theorem of Whitney (see [Whi33] and [Whi41] ), all foliations with singularities F can be embedded in a flow, i.e. F is the set of (oriented) orbits of some topological flow φ : M × R → M (where the set of singularities of F coincides with the set of fixed points of φ). Therefore, we can define the α-limit and ω-limit sets of each leaf of F as follows: If l is a leaf of F and z is a point of l, then
Let F be an oriented foliation with singularities on M . We say that an arc γ in M \ Sing(F ) is positively transverse to F if for every t 0 ∈ [0, 1], and ψ trivialization chart at γ(t 0 ) the application t → p 1 (ψ(γ(t))) is increasing in a neighborhood of t 0 , where p 1 denotes the projection onto the first coordinate. 
Isotopies
• f t,1 = f ′ t for every t ∈ [0, 1]; and
In particular if q is an integer, we define I q as the isotopy I * · · · * I (q times) if q ≥ 1 and as I −1 * · · · * I −1 (−q times) if q ≤ −1. Let M be an oriented surface, and let I = (f t ) t∈[0,1] be an isotopy from f 0 = Id M to a homeomorphism f 1 = f . Let π : M → M be the universal covering of M , and let I = ( f t ) t∈[0,1] be the lift of the isotopy I such that f 0 = Id M . The homeomorphism f = f 1 is called the lift of f associated to I. Let z ∈ M , we call trajectory of z along I the arc t → f t (z). A fixed point of f = f 1 is said to be contractible for I if its trajectory under I is a loop homotopic to a constant loop in M . This definition depends only on the lift f associated to I. In fact, it is easy to see that the set of contractible fixed points of I coincides with the image of the set of fixed points of f under π.
The existence of a transverse foliation
Let I = (f t ) t∈[0,1] be an isotopy from the identity to a homeomorphism f 1 = f . We say that an oriented topological foliation F on M is transverse to I, if for every z ∈ M , there exists an arc which is homotopic to the trajectory of z along I and is positively transverse to F . We know that "F is transverse to I" persists on small perturbations of F (see Lemma 3.1.3 from [LeR13] ). More precisely, let F be an oriented topological foliation on M . Let ψ : [0, 1] 2 → M be a "compact chart", that is an injective map, which maps each vertical line oriented upwards in [0, 1] 2 to a leaf of F . For every real number ǫ > 0, we write O(ψ, ǫ) the set of foliations F ′ which admit a compact chart ψ ′ satisfying sup
where d M is a metric on M which induces the topology of M . A family of compact charts (ψ α ) α is said to be locally finite in M if every point x ∈ M belongs only a finite numbers of ψ α ([0, 1] 2 ) (more details can be found in [LeR13] ).
Proposition 2.1 (F. Le Roux, Lemma 3.1.3 [LeR13] ). Let I be an isotopy on M . Let F be an oriented topological foliation on M transverse to I. Suppose that there exist a family (ψ α ) α of compact charts of F which is locally finite in M , and a positive real sequence (ǫ α ) α . Then every oriented foliation
is positively transverse to I too.
The following theorem due to P. Le Calvez is a generalization of Brouwer's Translation Theorem.
Theorem 2.2 (P. Le Calvez, Theorem 1.3 [LeC05] ). Let I be an isotopy on M from the identity to a homeomorphism f . If I does not have any contractible fixed point, then there exists an oriented foliation F which is transverse to I.
Remark 1. By a remark due to P. Le Calvez (see [LeC05] ), the oriented foliation F is transverse to the isotopy I if and only if in the universal covering, each leaf l of the lift F of the foliation F is an oriented Brouwer's line for f the lift of f associated to I. More precisely, by Schoenflïes' Theorem, there exists an orientation preserving homeomorphism h of R 2 such that h • l(t) = (0, t), for every t ∈ R. Then we write R( l) = h −1 ((0, +∞)× R) and L( l) = h −1 ((−∞, 0)× R). We say that l is an oriented Brouwer's line for
Since the set of contractible fixed points is usually non-empty, one needs some additional modifications before using the previous theorem. In the local case, we can use a result of F. Le Roux.
Theorem 2.3 (F. Le Roux, Appendix A [LeR13] ). Let I be an isotopy in Homeo 0 R 2 ; 0 from the identity to a homeomorphism f . Suppose that I does not have any contractible fixed point on a neighborhood U of 0. Then there exists a homeomorphismf of the plan which coincides with f in a neighborhood U ′ ⊂ U of 0, and which does not have any contractible fixed point in R 2 \ {0}.
Dynamics of the transverse foliation with two singularities
In this subsection, we consider the open annulus A = T 1 × R. We denote by N (resp. S) the upper (resp. lower) end of A and byÂ the end compactification of A which is a topological space homeomorphic to the two-dimensional sphere. Suppose that the isotopy I ′ = (f ′ t ) t∈[0,1] from the identity to f has no contractible fixed points. Thus, we can apply Theorem 2.2, and we obtain an oriented topological foliation F ′ on A which is transverse to I ′ . Then one can extend I ′ to an isotopy I = (f t ) t∈[0,1] onÂ that fixes the ends of A, that is f t (N ) = N and f t (S) = S for every t ∈ [0, 1]. Similarly, the foliation F ′ can be extended to an oriented topological foliation with singularities F onÂ where the singularities are the ends of A. In this case P. Le Calvez proved that F is also locally transverse to I at each end of A (see [LeC08] ), that is, for every neighborhoodÛ of an endẑ 0 of A there exists a neighborhoodV contained in U such that for every z ∈V \ {ẑ 0 } there is an arc contained inÛ which is positively transverse to F and homotopic inÛ to the trajectory of z along I.
Proposition 2.4 (P. Le Calvez, Proposition 3.4 [LeC08] ). The oriented foliation F is locally transverse to I at each end of A.
On the other hand, we can apply the theorem of Poincaré-Bendixson to F seen as a flow (see [dMP82] ).
Theorem 2.5 (Poincaré-Bendixson' Theorem). Let F be an oriented foliation onÂ whose singularities are the ends of A. For every leaf l of F one of the following possibilities holds:
(i) the ω-limit set of l is a closed leaf of F , (ii) the ω-limit set of l is reduced to an end of A, or (iii) the ω-limit set of l is constituted of ends of A and leaves l ′ joining two ends (eventually the same) of A.
One has the same possibilities for the α-limit set of l. Moreover for every no closed leaf either (iv) the sets ω(l) and α(l) are reduced to the same end of A, or (v) the sets ω(l) and α(l) are disjoints.
We recall the following fact (see for example section 3.2 of [Hae62] ).
(1) The union of the closed leaves of F is closed.
By Poincaré-Bendixson Theorem and the transversality of F and I, we have the following properties:
(2) every closed leaf γ separates N and S, i.e. N and S belong to distinct connected components ofÂ \ γ, and
The following result is due to F. Le Roux (see [LeR00] and [LeR04] ).
(4) The foliation F has recurrence, that is there is a leaf l of F such that α(l) ∪ ω(l) is not contained in {N, S}, or (5) there is a leaf l of F which joins N and S, i.e. either α(l) = N and ω(l) = S or α(l) = S and ω(l) = N .
We deduce the following properties in a neighborhood of an endẑ 0 of A. We say thatẑ 0 is accumulated by closed leaves of F , if every neighborhood ofẑ 0 contains a closed leaf of F .
Non-accumulated case: Suppose thatẑ 0 is not accumulated by closed leaves of F . Then there exists a leaf l of F such that either α(l) =ẑ 0 or ω(l) =ẑ 0 .
Proof. Firstly, suppose that F has closed leaves. Let z ∈ A closed enough toẑ 0 and let l z be the leaf of F containing z. Items (iv) and (v) from Theorem 2.5, imply that α(l z ) or ω(l z ) containsẑ 0 . Thus l z or the leaf l given by item (iii) from Theorem 2.5 has its ω-limit set or α-limit set reduced toẑ 0 . Next, suppose that F has recurrence, but not closed leaves. Let l be a leaf of F such that α(l) ∪ ω(l) is not contained in {N, S}. Hence by Theorem 2.5 either α(l) or ω(l) containsẑ 0 . One concludes, as in the first part. Finally, if F does not have recurrence, then by Property (4) there exists a leaf of F whose α-limit set or ω-limit set is reduced toẑ 0 . This completes the proof.
Accumulated case: Suppose that the endẑ 0 is accumulated by closed leaves of F . Using a chart centered atẑ 0 we can suppose that F is a foliation on a neighborhood of 0 ∈ R 2 . Let us fix a closed leaf γ of F and putÛ the closure of the connected component of complement of γ containing 0. Let C be the union of all closed leaves of F contained inÛ . This is a closed set of U \ {0}. The closed leaves are totally ordered by the relation of inclusion of the connected component of their complements containing 0. By Schoenflies' Theorem, we can construct a homeomorphism of the plane, which maps each closed leaf of F to a Euclidean circle centered at 0. Let A be a connected component of the complement (inÛ ) of C ∪ {0}. The set A is delimited by two closed leaves ∂ + A and ∂ − A, and for every leaf l of F included in A we have either α(l) = ∂ + A and ω(l) = ∂ − A or α(l) = ∂ − A and ω(l) = ∂ + A. Moreover all these leaves have the same α-limit and ω-limit sets. Hence, the foliation on the closure of A is homeomorphic to a Reeb component or a spiral on T 1 × [0, 1].
Local Case
In this section we will introduce the definition of the local rotation set and we will show Theorem A assuming Theorem C.
Definitions

The centered plane
We denote by R 2 the plane endowed with its usual topology and orientation. We denote by 0 the point (0, 0) of the plane R 2 . Let γ be a non-contractible Jordan curve in R 2 \ {0}. We call interior of γ (resp. exterior of γ) the connected component of R 2 \ γ which contains (resp. does not contain) 0.
3.1.2 The set Homeo 0 R 2 ; 0
We say that a homeomorphism f of the plane fixes 0, if f (0) = 0. We denote by Homeo 0 R 2 ; 0 the set of all homeomorphisms of the plane isotopic to the identity and which fix 0. We recall that the fundamental group of Homeo 0 R 2 ; 0 is isomorphic to Z (see [Ham74] ). More precisely, consider J = (R t ) t∈[0,1] the isotopy defined by:
are two isotopies in Homeo 0 R 2 ; 0 both from the identity to the same homeomorphism f 1 = f ′ 1 , then there exists a unique integer q ∈ Z such that I ′ is homotopic (with fixed endpoints) to J q * I.
The local rotation set
In this paragraph, we consider a homeomorphism f in Homeo 0 R 2 ; 0 . Let I = (f t ) t∈[0,1] be an isotopy in Homeo 0 R 2 ; 0 from the identity to f . We will give the definition of the local rotation set of I due to F. Le Roux (see [LeR13] ). Let π : R × (0, +∞) → R 2 \ {0} be the universal covering of R 2 \ {0} and let I = ( f t ) t∈[0,1] be the lift of the isotopy I to the universal covering of R 2 \ {0}
such that f 0 = Id, one defines f := f 1 . Given z ∈ R 2 \ {0}, and an integer n ≥ 1 we consider ρ n (z) the average change of angular coordinate along the trajectory of z for the isotopy I, i.e.
where p 1 : R × (0, +∞) → R is the projection on the first coordinate and z is a point in π −1 (z). Given two neighborhoods V and W of 0 with W ⊂ V , we define the local rotation set of I relative to V and W by
where the closure is taken in R := R ∪ {+∞} ∪ {−∞}. Next we define the local rotation set of I relative to V by
where W is a neighborhood of 0 included in V . Finally we define the local rotation set of the isotopy I by
where V is a neighborhood of 0
Remark 2. If we try to generalize the notion of rotation set of the closed annulus to the local case, we will define
However, in this setting the invariance by conjugation fails, for example the two contraction mapping z → 1 2 z and z → i 2 z are conjugate but they will to have {0} and { 1 4 } by local rotation set respectively. Remark 3. The local rotation set ρ loc (I) only depends on the choice of the homotopy class of I, i.e. if I 1 and I 2 are two isotopies from the identity to the same homeomorphism which are homotopic, then ρ loc (I 1 ) = ρ loc (I 2 ).
The local rotation set verifies the following properties.
Proposition 3.1. Let I be an isotopy in Homeo 0 R 2 ; 0 from the identity to f . For every integer p let
The local rotation set of I is invariant by oriented topological conjugation.
For every
Remark 4. One can define the following stronger and stronger notions:
(1) Every neighborhood of 0 contains a contractible fixed point z = 0 of I.
(2) Every neighborhood of 0 contains a compact and f -invariant set K not containing 0 such that 0 belongs to ρ K (I).
(3) Every neighborhood V of 0 contains a compact (non-invariant) set K such that ρ K (I) ⊂ ρ V (I) and 0 belongs to ρ K (I).
Note that (1) ⇒ (2) ⇒ (3), and (3) implies that 0 belongs to ρ loc (I).
Main result: Proof of Theorem A
The purpose of this paragraph is to deduce Theorem A from Theorem C. Let I be an isotopy in Homeo 0 R 2 ; 0 from the identity to a homeomorphism f . Since the local rotation set ρ loc (I) is closed and Q is dense in R, in order to prove Theorem A it is sufficient to show that every irreducible rational number p q which belongs to the interior of the convex hull of ρ loc (I) belongs to the local rotation set. Moreover, by considering J p * I q instead of I, we may assume that p = 0 and q = 1. This follows from the formula relating the local rotation sets of I and J p * I q (Proposition 3.1). Thus, we reduced the proof of Theorem A to proving the following theorem.
Remark 5. Theorem A * implies that Property (2) of Remark 4 holds.
Example. There is a homeomorphism f of R 2 which satisfies Property (2) but not Property (1) of Remark 4. To construct f , we start with a "twice" Reeb's homeomorphism f ′ 1 defined on the compact annulus D 0 = {z ∈ R 2 : 1 ≤ z ≤ 3} in R 2 satisfying:
fixes the circles c i , where i ∈ {1, 2, 3} and
act as a rotation R β with angle β > 0 and f ′ 1 | c2 acts as a rotation R α with angle α < 0. For the proof of Theorem A * one introduces the following property.
Definition 3.2. We say that a homeomorphism f in Homeo 0 R 2 ; 0 satisfies the local intersection property if there exists a neighborhood V of 0, such that every Jordan curve γ contained in V and non-contractible in R 2 \ {0} meets its image under f , i.e. f (γ) ∩ γ = ∅.
Frédéric Le Roux proved Theorem A* (see [LeR13] ) in the case when the homeomorphism f satisfies the local intersection property. He proved something better: in this case the local rotation set "detects" some fixed points, that is Property (1) of Remark 4 holds. This follows from the following proposition which will be proved in the next subsection.
Proposition 3.3. Let I be an isotopy in Homeo 0 R 2 ; 0 from the identity to a homeomorphism f . Suppose that the local rotation set, ρ loc (I), contains both positive and negative real numbers. Then one of the following cases holds:
Case (a) Every neighborhood of 0 contains a contractible fixed point z = 0.
Case (b) The homeomorphism f does not satisfy the local intersection property, and every neighborhood of 0 contains three pairwise disjoint, f -free Jordan curves γ 0 , γ 1 and γ 2 which are non-contractible in R 2 \ {0} with γ i+1 included in the interior of γ i for i ∈ {0, 1} and such that the closed annulus A i delimited by γ i and γ i+1 satisfies:
(i) the maximal f -invariant set Θ(A i ) of A i is non-empty, and
(ii) the set ρ Θ(A0) (I) is contained in one of the sets (0, +∞) or (−∞, 0) and the set ρ Θ(A1) (I) is contained in the other one.
We recall that this proposition is an adaptation of the following result for homeomorphisms of the closed annulus T 1 × [0, 1]. This result was proved by P. Le Calvez for diffeomorphisms in [LeC91] , but by Theorem 2.2 it is also valid for homeomorphisms.
] be a homeomorphism isotopic to the identity with a lift f :
has no fixed points and whose rotation set contains both negative and positive real numbers. Then there exists a finite non-empty family {γ i } of essential, pairwise disjoint and f -free Jordan curves such that the maximal invariant sets of the closed annulus delimited by two consecutive curves has rotation set contained either in (0, +∞) or in (−∞, 0). Now we show that Proposition 3.3 and Theorem C imply Theorem A * .
End of the proof of Theorem A * (assuming Theorem C). Let I be an isotopy in Homeo 0 R 2 ; 0 from the identity to a homeomorphism f . Suppose that the local rotation set ρ loc (I) contains both positive and negative real numbers. One considers the different cases of Proposition 3.3. In the case (a), we are done. On the other hand, if case (b) of Proposition 3.3 holds, we can apply Theorem C, which says that 0 belongs to ρ Θ(A) (I) where Θ(A) is the maximal invariant set of A = A 0 ∪ A 1 . This completes the proof of Theorem A * .
Proof of Proposition 3.3
Let I, f satisfy the hypotheses of the proposition. We prove Proposition 3.3 assuming that case (a) does not hold, i.e. there is a neighborhood of 0 that does not contain any contractible fixed point. By Theorem 2.3, changing f in the complement of a Jordan domain containing 0, we may suppose that f does not have any contractible fixed point in R 2 \ {0}. Thus, we can apply Theorem 2.2 and we obtain an oriented foliation F defined in R 2 \ {0} which by Proposition 2.4 is locally transverse to I at 0. The foliation F can be extended to an oriented topological foliation with singularities on the end compactification of R 2 \ {0} where the singularities are the ends of R 2 \ {0}.
Lemma 3.5. In this case, the closed leaves of F accumulate at 0.
Proof. Otherwise, from at the end of § 2.4 there exists a leaf l of F whose ω-limit or α-limit set is reduced to {0}. The following lemma implies that either
. This contradicts our hypotheses.
Lemma 3.6. Let I be an isotopy in Homeo 0 R 2 ; 0 and let F be a foliation positively transverse to I. Suppose that F admits a leaf l such that either
Proof. Without loss of generality, we may suppose that α(l) = {0}. In addition, conjugating f by Φ (given by Schoenflies' Theorem), we may suppose that the negative half-leaf l − containing one point of l is contained in the positive xaxis. Let U be a Euclidean circle centered at 0 whose boundary meets l − . By Proposition 2.4, F is locally transverse to I at 0. Let V be a neighborhood of 0 contained in U given by the local transversality of F to I at 0: the trajectory of each z ∈ V along I is homotopic, with fixed endpoints, to an arc α z which is positively transverse to F and is included in U . In particular, the arcs α z can cross l − only downwards. More precisely, let f be the lift of f associated to I, and let F be the lift of F . Let U and V be lifts of the sets U \ {0} and V \ {0} respectively. Let l − be the lift of l − contained in the line {0} × (0, +∞). Let z ∈ V \ {0} and let n ∈ N such that {z, · · · , f n−1 (z)} ⊂ V . Let z be the lift of z such that 0 < p 1 ( z) ≤ 1 and α z the lift of the arc α z from z. Since the arc α f n−1 (z) * · · · * α z is positively transverse to F and does not meet the boundary of U , we obtain that p 1 ( f n ( z)) > 0 and thus
This implies the inclusion ρ V (I) ⊂ [0, +∞], and so ρ loc (I) ⊂ [0, +∞]. This completes the proof.
In the sequel, we suppose that the closed leaves of F accumulate at 0 and that all closed leaves of F are Euclidean circles centered at 0 (see the description at the end of § 2.4). We remark that F cannot coincide with the oriented foliation in Euclidean circles centered at 0 on a neighborhood of 0. Otherwise, f is conjugated to a homothety.
We will consider the set A of all closed annuli A whose boundary components are closed leaves of F , and which do not contain any closed leaf of F in their interiors. By Poincaré-Bendixson Theorem (Theorem 2.5) the foliation on A is a Reeb component or a spiral.
For every annulus A ∈ A, we write ∂ + A and ∂ − A its two boundary components with ∂ − A included in the interior of ∂ + A.
Definition 3.7. We say that the foliation F goes from ∂ + A to ∂ − A (resp. from ∂ − A to ∂ + A) on the annulus A ∈ A, if all the leaves of F in the interior of A have ∂ + (A) (resp. ∂ − A) as their α-limit set and ∂ − (A) (resp. ∂ + A) as their ω-limit set.
We have the following lemma.
Lemma 3.8 (P. Le Calvez, [LeC91] ). Suppose that the foliation F goes from ∂ − A to ∂ + A on the annulus A ∈ A. Let Θ(A) the maximal invariant set of A. Then the set ρ Θ(A) (I) (eventually empty) is contained in (0, +∞).
Proof. Since each boundary component of the annulus A is f -free, we deduce that Θ(A) is included in the interior of A. For z ∈ Θ(A) by transversality of F and I there exists an arc α z joining z and f (z), homotopic (with fixed endpoints) to the trajectory of z along the isotopy I, and which is transverse to the foliation F . Moreover from the facts that z and f (z) are both in the interior of A, we deduce that α z is also included in the interior of A. We can find an annulus A ′ whose boundary components are Jordan curves not contractible in
Considering a change of coordinates, we can assume that the boundary components of A ′ are Euclidian circles centered at 0, and that the foliation induced by F on A ′ coincides with the radial foliation with the leaves toward 0. By transversality, for every z ∈ Θ(A) and every integer n ≥ 1, we have that ρ n (z) is positive. Since Θ(A) is a compact set, we deduce that ρ Θ(A) (I) is included in (0, +∞). This completes the proof.
In the sequel, A ′ denotes the subset of A consisting of the annuli A ∈ A whose maximal invariant set is non-empty. From the above proposition, we can consider the following definition.
Definition 3.9. We say that A ∈ A is a positive annulus if ρ Θ(A) (I) ⊂ (0, +∞). We define a negative annulus similarly.
Lemma 3.10. Under the hypotheses of Proposition 3.3, we have (i) the set A ′ is locally finite in R 2 \ {0}, i.e. every compact set in R 2 \ {0} can meet only a finite number of elements of A ′ ; and (ii) both positive and negative annuli accumulate at 0.
Proof. Proof of item (i).
Let A ′′ be the subset of A constituted of the annuli A ∈ A that meet its image under f i.e. f (A) ∩ A = ∅. Remark that A ′ ⊂ A ′′ , and so it suffices to prove that the set A ′′ is locally finite in R 2 \ {0}. This will be a consequence of the following lemma.
Lemma 3.11. Let γ + and γ − be two closed leaves of F with γ − contained in the interior of γ + . Let A γ + ,γ − be the closed annulus delimited by γ + and γ − . Then there is a finite number of elements of A ′′ metting A γ + ,γ − .
Proof. We know that the space of closed leaves of F included in A γ + ,γ − is compact and that every closed leaf of F does not meet its image under f (Properties (1) and (4) of §2.4). Hence, we can consider the real number ǫ > 0 defined as:
where γ is a closed leaf of F contained in A γ + ,γ − and for C, D two subsets of
Suppose that the first case holds (the proof is similar in the second case). Let z ∈ ∂ + A such that f (z) ∈ A. Hence, there exist real numbers t
Using the fact that ∂ − A and ∂ + A are Euclidean circles centered at 0, we deduce that
Since the annulus A γ + ,γ − can be covered by a finite number of annuli A satis-
This completes the proof of item (i).
Proof of item (ii).
Suppose by contradiction that there exists a neighborhood of 0 which does not contain any positive annulus (the other case is proved in a similar way). There are two cases.
Case 1: There exists a neighborhood of 0 which does not contain any annulus A on which the foliation F goes from ∂ − A to ∂ + A. We can find a small perturbation F ′ of F which "breaks" all closed leaves of F close to 0. From Proposition 2.1 the foliation F ′ is also transverse to I and all leaves of F ′ are spirals whose ω-limit set is {0}. Hence by Lemma 3.6, the local rotation set ρ loc (I) is contained in [−∞, 0], contradicting our hypotheses.
Case 2: In the other case, every annulus A close enough to 0 on which F goes from ∂ − A to ∂ + A have maximal invariant set empty (we are assuming this). We will construct an intermediary foliation F ∞ transverse to the isotopy I as in the Case 1. The construction has three steps.
1st step: We can replace F on each annulus A ∈ A \ A ′′ (annulus which that does not meet its image under f ), by the foliation in Euclidean circles centered at 0. We remark that this foliation is also transverse to I. 2nd step: Recall that by hypothesis every annulus A (included in a small neighborhood of 0) on which the foliation F goes from ∂ − A to ∂ + A has maximal invariant set empty. We will use the following lemma.
Lemma 3.12 (F. Le Roux, [LeR13] ). Suppose that the maximal invariant set of the annulus A ∈ A is empty. Then there exists an annulusÂ containing A whose boundary is the union of ∂ + A and f n (∂ − A) for some integer n, and a foliationF whose leavesγ inÂ are closed and such that f (γ) is situated on the right of the oriented leafγ.
By the previous lemma, we obtain a foliation in closed leaves on the annuluŝ A delimited by ∂ + A and f n (∂ − A), this foliation can be pasted with the foliation F on the exterior of ∂ + A, and with the foliation (f n ) * F in the interior of f n (∂ − A) by to obtain a new foliation F A,n which is transverse to the isotopy I.
3rd step: The intermediary foliation F ∞ is constructed as the limit of a sequence of foliations (F n ) n∈N which is a stationary sequence on every compact set of R 2 \ {0}. By the first step and the fact that A ′ is locally finite, the set of annuli A on which F goes from ∂ − A to ∂ + A accumulate only at 0 and is a countable set. Let (A n ) n∈N denote the ordered family of all such annuli, i.e. for every integer n ≥ 1, the annulus A n−1 is contained in the unbounded connected component of R 2 \ A n . By hypothesis the maximal invariant set of A 0 is empty, so by the second step we obtain a foliation F 0 = F A0,n0 which coincides with the foliation in closed leaves onÂ 0 (annulus delimited by ∂ + A 0 and f n0 (∂ − A 0 ) for some integer n 0 ), with F on the exterior of ∂ + A 0 , and with the foliation (f n0 ) * F in the interior of f n0 (∂ − A). In a similar way, we obtain a foliation
. Iterating this process, we can construct the sequence (F n ) n∈N . Let F ∞ be the limit of the sequence (F n ) n∈N . Since, by construction each leaf l ∞ of F ∞ is an iterate of one leaf of l of either F or the foliationF provides by the previous lemma, i.e. l ∞ = f n (l), the remark following Theorem 2.2 implies that the limit foliation obtained F ∞ also is transverse to I. This completes the proof of item (ii). 
Case of the Open Annulus
In this section we will introduce the definition of the rotation set in the open annulus and we will show Theorem B assuming Theorem C.
Definitions
The open annulus
We will denote by T 1 the unit circle of the plane and by A := T 1 × R the open annulus. We endow the annulus A with its usual topology and orientation. We denote by N (respectively S) the upper (respectively lower) end of A and bŷ A the end compactification of A which is a topological space homeomorphic to the two-dimensional sphere. A Jordan curve γ in A is called essential if its complement has two unbounded connected components. We denote by U We denote by Homeo 0 (A) the set of all homeomorphisms of the open annulus A which are isotopic to the identity. We recall that every homeomorphism f in Homeo 0 (A) can be extended to a homeomorphismf of the end compactification of A and this homeomorphism fixes both ends of A.
The rotation set of the annulus
In this paragraph, we consider a homeomorphism f in Homeo 0 (A). Let I be an isotopy in Homeo 0 (A) from the identity to f . We will give the definition of the rotation set of I due to J. Franks (see [Fra96] ).
If z ∈ A, we consider ρ n (z) the average change of angular coordinate along the trajectory of z for the isotopy I. Next for a compact set K in A, we define
where the closure is taken in R := R ∪ {+∞} ∪ {−∞}.
Finally we define the rotation set of the isotopy I by
where K is a compact set in A.
Remark 6. The rotation set ρ ann (I) only depends on the choice of the homotopy class of I.
As above the rotation set verifies the following properties. 2. For every p, q ∈ Z, we have ρ ann (J p * I q ) = q ρ ann (I) + p.
Other rotation sets in the open annulus
In this paragraph, we introduce other rotation sets in A such as the measured rotation set of an f -invariant compact subset of A and also the local rotation set relative to a neighborhood at each end of A.
Given a compact and f -invariant set K in A, we will denote by M f (K) the set of all f -invariant Borel probability measures whose support is contained in K. This is a compact and convex set in the weak topology. If µ ∈ M f (K), we define its rotation number as:
Then, we define the measured rotation set of K as:
This set is always a compact interval. More precisely, we have the following result.
Lemma 4.2. Let K be a compact and f -invariant set in A. Then
is a compact interval.
(2) The set ρ mes (K, I) coincides with the convex hull of ρ K (I).
On the other hand, letẑ 0 be an end of A and letV be a neighborhood ofẑ 0 . We consider an oriented preserving homeomorphism ψ mappingV to a neighborhood of 0 ∈ R 2 such that ψ(ẑ 0 ) = 0. We write
where ρ ψ(V ) (ψIψ −1 ) is the local rotation set relative to ψ(V ) defined in § 3.1.3.
Remark 7. By Proposition 3.1, this definition does not depend on the choice of the homeomorphism ψ.
Main result: Proof of Theorem B
The purpose of this subsection is to prove Theorem B assuming Theorem C.
As we have seen in § 3.2 in order to proof Theorem B, it suffices to prove the following theorem.
Theorem B*. Let I be an isotopy in Homeo 0 (A) from the identity to a homeomorphism f . Suppose that the rotation set ρ ann (I) contains both positive and negative real numbers. Then there exists a compact (a priori non-invariant) set K in A, such that 0 belongs to ρ K (I).
The following example satisfies Property (3) but not Property (2) from the analogous Remark 4 for the open annulus. This proves that Theorem B * is sharp, i.e. the compact set K such that 0 belongs to ρ K (I) can be non-invariant.
Example. There are a homeomorphism f of A and an isotopy I from the identity to f satisfying the following conditions:
(i) There is no f -invariant compact set in A, and
Let us fix two real numbers 0 < R − < R + . To construct f , we start with a homeomorphism f ′ 1 defined on R 2 ∪ {∞}, the one-point compactification of R 2 , satisfying:
(
Let us define the following equivalence relation on R 2 ∪ {∞}. 
Classification
The proof of Theorem B* consider several cases described by the following proposition.
Proposition 4.3. Let I be an isotopy in Homeo 0 (A) from the identity to a homeomorphism f . Suppose that the rotation set ρ ann (I) contains both positive and negative real numbers. Then one of the following cases holds:
Case (a) There exists an invariant and compact set K in A such that 0 belongs to ρ K (I).
Case (b) The homeomorphism f satisfies the local intersection property at least at one of the ends of A, there exists an essential f -free Jordan curve γ in A, such that the local rotation set of I at N relative toÛ We prove this proposition assuming that case (a) does not hold. Then, we may assume that I has no contractible fixed points. We apply Theorem 2.2, and we obtain an oriented foliation on the annulus A which is transverse to I. We can see F as a foliation with singularities onÂ, the end compactification of A, whose singularities are the ends of A.
Lemma 4.4. In this situation, there exists an oriented foliation F ′ arbitrarily close to F (in Whitney's topology) which has a closed leaf.
Proof. We claim that F would have recurrence (see Property (4) of § 2.4). Otherwise, by Properties (4) and (5) This contradicts our hypotheses. Hence, changing the orientation of F by its inverse if necessary, we may suppose that there is a leaf l of F whose ω-limit set contains a point z ∈ A. Let l z be the leaf of F containing z. Note that the ω-limit and α-limit sets of l z are reduced to S or N . Without loss of generality, we may assume that this end is S. Let U be a trivializing neighborhood of z. Let (z n ) n∈N be a sequence of points in l ∩ U such that for every integer n ≥ 1, the point z n+1 belongs to l + zn , the positive half-leaf containing z n , and converges to z. For every integer n ≥ 1, let l n be the connected component of l ∩ U containing z n . Then the sequence (l n ) n∈N converges, in Hausdorff's topology, to the connected component of the leaf l z ∩ U containing z. Let a n and b n be the first and last point in l n respectively. Now, we perturb F enough as Figure 2 This completes the proof of lemma.
From Proposition 2.1, the foliation F ′ is also transverse to I. Let us assume from now on that F has closed leaves. Moreover, F cannot have only closed leaves. Otherwise f is conjugated to a homothety.
Lemma 4.5. Under the hypotheses of Proposition 4.3, assume furthermore that Case (a) does not hold. Then the closed leaves of F do not accumulate at least at one of the two ends of A.
Since the closed leaves of F are f -free essential curves (Properties (2) and (3) from § 2.4), this lemma will follow from Theorem C. As in § 3.3, we consider the set A of all closed annuli A whose boundary components are closed leaves ′ the subset of A consisting of the annuli A whose maximal invariant set is not empty. We say that A ∈ A ′ is a positive (resp. negative) annulus if ρ Θ(A) (I) ⊂ (0, +∞) (resp. ρ Θ(A) (I) ⊂ (−∞, 0)).
Proof of Lemma 4.5. By contradiction, we suppose that the closed leaves of F accumulate both ends of A. We claim that there are two closed leaves γ + and γ − of F close enough to the end N and S respectively, such that the closed annulus A γ + ,γ − delimited by γ + and γ − contains a positive and a negative annulus. By contradiction, suppose that all annuli of A ′ are positive (or negative). Then in a similar way as in Lemma 3.10 (applied at both ends of A) we can find an oriented foliation F ∞ which is transverse to I, and contains a leaf joining the two ends of A. This contradicts the fact that the rotation set ρ ann (I) contains both positive and negative real numbers. In a similar way as in end of the proof of Proposition 3.3 we conclude (assuming Theorem C) that 0 belongs to ρ Θ(A γ + ,γ − ) (I), where Θ(A γ + ,γ − ) is the maximal invariant set of the closed annulus delimited by γ + and γ − . This contradicts the fact that case (a) of Proposition 4.3 does not hold. This completes the proof.
Let us assume from now on, without loss of generality, that this end is S. Let γ S be "the last" closed leaf of F , that is γ S is a closed leaf of F such that U S γS does not contain any closed leaf of F . We have the following result.
Lemma 4.6. There exists an oriented foliation F ′ arbitrarily close to F (in Whitney's topology) which coincides with F in Cl(Û N γS ) and admits a leaf either whose ω-limit set is reduced to S and α-limit set is γ S or whose α-limit set is reduced to S and ω-limit set is γ S .
Proof. Let z be an element in γ S and let Σ be an arc positively transverse containing z in its interior. Since γ S is a closed leaf of F and there is no closed leaf in U S γS , there is a leaf l of F which meets Σ ∩ U S γS at less two times. From Theorem 2.5, we deduce that either α(l) or ω(l) is γ S . Without loss of generality, suppose that we are in the first case. Since there are not closed leaves of F in U S γS , we have two possibilities (items (ii) or (iii) of Theorem 2.5): the set ω(l) is reduced to S, or there is a leaf l S of F from S to S contained in ω(l). In the first case, the foliation F satisfies the conclusion of the lemma. In the second case, let z ′ be an element in l S and let U ′ be a trivializing neighborhood of z ′ . Let (z ′ n ) n∈N be a sequence of points in l ∩ U ′ such that for every integer n ≥ 1, the point z End of the proof of Proposition 4.3: We have two cases. Case 1: The closed leaves of F do not accumulate at N either. As above, we consider "the first" and "the last" closed leaves of F , denoted γ N and γ S respectively, i.e. γ N ⊂ U N γS and there are not closed leaves of F outside of the closed annulus delimited by γ N and γ S . From Lemma 4.6 (applied to both N and S), we can assume that the foliation F admits a leaf l N whose ω-limit set is reduced to N and α-limit set is γ N or whose α-limit set is reduced to N and ω-limit set is γ N and another leaf l S whose ω-limit set is reduced to S and α-limit set is γ S or whose α-limit set is reduced to S and ω-limit set is γ S . To fix idea assume that l S satisfies ω(l S ) = S and α(l S ) = γ S . We have two subcases. Subcase 1.1: The leaf l N satisfies α(l N ) = N and ω(l N ) = γ N . Let Θ(A γN ,γS ) be the maximal invariant set of A γN ,γS the closed annulus delimited by γ N and γ S . We will prove the following assertions.
(1) The set A ′ is non-empty, (2) F goes from ∂ − A to ∂ + A on all annuli A ∈ A ′ , and (3) f satisfies the local intersection property at least at one end of A.
Let us prove (1). Note that if A
′ is empty, then as in the proof of item (ii) of Lemma 3.10, there exist an annulusÂ γN ,γS containing A γN ,γS whose boundary components are the union of γ N and f n (γ S ), and a foliation F ′ whose leaves in A γN ,γS are closed leaves. This foliation can be pasted with F on U N γN , and with (f n ) * F on U S f n (γS ) by to obtain a new foliation F Aγ N ,γ S ,n which is transverse to the isotopy I. Hence, we can find a small perturbation of F Aγ N ,γ S ,n which is also transverse to I and contains a leaf that joins the two ends of A. This implies that ρ ann (I) ⊂ [−∞, 0]. This contradicts our hypotheses, completing the proof of (1).
Let us prove (2). If F goes from ∂ + A to ∂ − A on all annuli of A ∈ A ′ , as in the proof of Lemma 3.10, we can perturb F by obtain a foliation which admits a leaf joining the two ends of A. This implies that ρ ann (I) ⊂ [−∞, 0], contradicting our hypotheses. On the hand hand, if there exists both an annulus A + on which F goes from ∂ − A + to ∂ + A + and another A − on which F goes from ∂ + A − to ∂ − A − , Theorem C implies that 0 belongs to ρ Θ(Aγ N ,γ S ) (I). This is a contradiction, because we are assuming that Case (a) does not hold. This completes the proof of (2).
Let us prove (3). Under our suppositions of the leaves l N and l S and above assertion (2), we have that ρÛ Proof of the claim. Let (γ n ) n∈N be a sequence of essential f -free curves such that (i) for every integer n ∈ N, we have γ n+1 ⊂ U For each integer n, we write Θ(A n ) the maximal invariant set of A n the closed annulus delimited by γ S and γ n . Firstly suppose that there exists a positive integer n 0 such that Θ(A n0 ) is not empty. Then ρ Θ(An 0 ) (I) ⊂ (−∞, 0) and we know that ρ Θ(Aγ N ,γ S ) (I) ⊂ (0, +∞). Hence Theorem C implies that 0 belongs to the rotation set relative to the maximal invariant set of the closed annulus delimited by γ N and γ n0 . This contradicts again the fact that Case (a) does not hold. Now suppose that for every integer n, Θ(A n ) is empty. Considering f instead of f −1 , we can assume that
This proves that f is a homothety, completing the proof of the claim.
Let us continue proving assertion (3). Suppose by contradiction that f does not satisfy the local intersection property at none end of A. Then, the previous claim (applied to both end of A) implies that ρ ann (I) is contained in [0, ∞]. This contradicts our hypotheses, completing the proof of assertion (3). (1) Θ(A γN ,γS ) is a non-empty set. Then the set A ′ is non-empty, and we can prove as in the proof of the previous subcase that F goes either from
(2) Θ(A γN ,γS ) is empty.
In both case, as in the proof of Lemma 3.10, we can find a perturbation F ′ of F which has an unique closed leaf γ. From Lemma 4.7 we know that ρÛ N γ (I) is contained in [0, +∞] and that ρÛ S γ (I) is contained in [−∞, 0]. Let us prove by contradiction that f satisfies the local intersection property at least at one end of A. Otherwise, since ρ ann (I) contains both positive and negative real numbers, we can find two f -free essential Jordan curves γ + and γ − close enough to the end N and S respectively, such that the maximal invariant set Θ(A γ + ,γ ) (resp. Θ(A γ,γ − )) of the annulus delimited by γ + and γ (resp. γ and γ − ) is not empty. Case 2: The closed leaves of F accumulate at N . As above, we consider "the last" closed leaf of F near to S, denoted γ S . As above from Lemma 4.6 we can assume that there is a leaf l S that satisfy ω(l S ) = S and α(l S ) = γ S . Since ρ ann (I) contains both negative and positive real numbers the following assertions hold (the proofs are similar as in Case 1).
(1) The set A ′ is non-empty, (2) F goes from ∂ − A to ∂ + A on all annuli A ∈ A ′ , and (3) f satisfies the local intersection property at S.
Here again we can find a perturbation F ′ of F which has an unique closed leaf γ. From Lemma 4.7 we know that ρÛ 
An intermediate result
The purpose of this paragraph is to prove the following proposition and its corollary. Then one of the following assertions holds.
(1) there exists a compact set K in A such that 0 belongs to ρ K (I), or (2) there exists a compact set K in A contained in A \V such that the set
Remark 8. We can replace (A 2 ) by the hypothesis Cl(V ) ⊂f (V ) by changing the isotopy I by I −1 . We can replace (A 3 ) by the hypothesis ρV (I) ⊂ [−∞, 0] by conjugating I by the orientation reversing homeomorphism (u, r) → (−u, r) of the annulus A.
Let us put Θ
+ (V ) (resp. Θ − (V c )) the forward (resp. backward)f -invariant set ofV (resp.V c ), i.e.:
Using hypothesis (A 2 ), one proves that the set Θ + (V ) (resp. Θ − (V c )) is a continuum, its complement is a connected set ofÂ and contains S (resp. N ). Moreover they satisfy the following properties. 
Proof. Let us prove (a). Since f satisfies the local intersection property at S,
there is an open neighborhoodÛ of S which does not contain any f -free essential Jordan curve. Hence for every integer n ≥ 0, the curvef n (∂V ) is not contained inÛ , because it is a free essential Jordan curve by Hypothesis (A 2 ). Hence and Hypothesis (A 2 ), (f n (Cl(V ) \Û )) n∈N is a decreasing sequence of compact sets in A, and so
This proves item (a).
Now let us prove (b)
. Suppose by contradiction that Θ − (V c ) = {N }. So, by Hypothesis (A 2 ), for every compact set K in A, there exists an integer n K = n ≥ 0 such that K is included inf −n (V ). Hence and by Hypotheses (A 2 ) and (A 3 ), we have
This contradicts the fact that ρ ann (I) contains some negative real number. This proves item (b).
Recall that π : A → A is the universal covering of A, and p 1 : A → R the projection onto the first coordinate.
Proof of Proposition 4.8: Let us consider
The set X is open, connected and f -invariant, i.e. f (X) = X, where f is the lift of f associated to I. Let α : [0, 1] → A be a simple arc satisfying:
(i) the endpoints α(0) and α(1) lie in Θ + ( V ) and Θ − ( V c ) respectively.
(ii) Ifα denotes the interior of α, i.e.α is the image of (0, 1) under α, then the setα is included in X.
(iii) The intersection α ∩ Γ is a singleton.
The arc α separates X, because π(X) is an open annulus and α joins its two ends (see the paragraph that follows the definitions of Θ + (V ) and Θ − (V c )). Let us denote R X (α) (resp. L X (α)) the connected component of X \ α on the right (resp. left) of α (considering the standard orientation). Sinceα is contained in X, and X is f -invariant, one deduces that for every integer n ≥ 0, the set f n (α) is included in X, and so we have three possibilities:
To conclude the proof it suffices consider the following three cases.
Case 1: Suppose that there exists a sequence of integers (n k ) k∈N which converges to +∞ such that for all k ∈ N we have f n k (α) ∩ α = ∅. Then 0 belongs to ρ π(α) (I). This proves that Assertion (1) of Proposition 4.8 holds.
Case 2: Suppose that there exists a sequence of integers (n k ) k∈N which converges to +∞ such that for all k ∈ N we have f
is a connected set in X which is unbounded to the right and contained in V (by Hypothesis (A 2 )), we deduce that
Therefore, there exist a real constant M > 0 independent of k and a sequence of points ( z k ) k∈N , where z k ∈ Γ r for all k ∈ N such that
Hence, if ρ is a limit point of the sequence (ρ n k ( z k )) k∈N , where Case 3: Suppose that there exists a sequence of integers (n k ) k∈N which converges to +∞ such that for all k ∈ N we have f n k (α) ⊂ R X (α). Let Γ r be the connected component of Γ \ α contained in R X (α). Since for all k ∈ N, the arc f n k (α) meets Θ + ( V ) and Θ − ( V c ), we deduce that
Therefore, there exist a real constant M > 0 independent of k and a sequence of points ( z k ) k∈N , where z k ∈ α ∩ V c such that
If ρ is a limit point of the sequence (ρ n k ( z k )) k∈N , where Then there exists a compact set K in A such that 0 belongs to ρ K (I).
Proof. Changing I by I −1 and conjugating I by the orientation reversing homeomorphism (u, r) → (−u, r) of the annulus A, we may suppose that γ N is attracting, i.e. f (γ N ) ⊂ U S γN and that hypothesis (A ′ 3 ) holds. Let us put A 0 = Cl(U S γN ) and for every integer n ≥ 1 we define
′ is isotopic to the identity of A ′ , and since f ′ = f | A ′ there is an isotopy I ′ on the annulus A ′ from the identity of A ′ to the homeomorphism f ′ such that for every compact set K contained in A ′ , we have ρ K (I) = ρ K (I ′ ). By Proposition 4.8, applied to I ′ and f ′ on A ′ , we know that
If assertion (1) holds we are done. Suppose now that assertion (2) holds. Since 
Proof of Theorem B*
In this subsection we finish the proof of Theorem B*, using Theorem C. Let I an isotopy in Homeo 0 (A) from the identity to a homeomorphism f . Suppose that ρ ann (I) contains both positive and negative real numbers. One considers the different cases of Proposition 4.3. In case (a) we are done. Suppose now that case (b) of Proposition 4.3 holds. Let g be the orientation reversing homeomorphism of A defined by (u, r) → (−u, r). Considering I −1 instead of I, or conjugating I by g or considering gI −1 g −1 instead of I, we can assume that hypotheses (A 1 )-(A 3 ) of Proposition 4.8 hold. Thus, one of the following assertions holds.
(1) There exists a compact set K of A such that 0 belongs to ρ K (I), or (2) there exists a compact set K contained in Cl(U 
Proof of Theorem D
The purpose of this section is to prove Theorem D assuming Theorem C. Let I, f , γ + and γ − be as in the hypotheses of the theorem. Without loss of generality, we suppose that γ − is contained in U S γ + . Let Θ(A) be the maximal invariant set of the annulus A delimited by γ + and γ − . As we have seen in § 3.2, we can suppose that ρ Θ(A) (I) contains both positive and negative real numbers. We want to prove that 0 belongs to ρ Θ(A) (I).
An f -free essential Jordan curve γ in A will be said to be attracting if
The proof of the next lemma is easy.
Lemma 5.1. Let γ and γ ′ be two disjoint f -free essential curves in A. Suppose that γ is attracting and γ ′ is repulsing. Then the maximal invariant set of the closed annulus delimited by γ and γ ′ is a connected set.
We remark that Lemma 4.2 implies Theorem D when Θ(A) is a connected set. By the previous lemma and considering I −1 instead of I (if necessary), we can assume that both γ + and γ − are attracting Jordan curves. Hence the sets
are continuum, their complements are connected set ofÂ and contain S and N respectively. Let us write 
This proves Theorem D.
6 Dynamics in the Closed Annulus: Theorem C
The purpose of this section is to prove Theorem C. Let I, f , γ 0 , γ 1 and γ 2 be as in the hypotheses of the theorem. Without loss of generality, for i ∈ {0, 1} we suppose that γ i+1 is contained in U S γi . Let Θ(A i ) be the maximal invariant set of the closed annulus A i delimited by γ i and γ i+1 . Let Θ(A) be the maximal invariant set of the annulus A = A 0 ∪ A 1 . We want to prove that 0 belongs to ρ Θ(A) (I).
Reduction of Theorem C
We recall that Lemma 4.2 implies Theorem C when Θ(A) is a connected set. Thus, from now on we assume that Θ(A) is a disconnected set. This implies that the f -free essential Jordan curves γ 0 , γ 1 and γ 2 are either all attracting or all repulsing (see § 5) . Indeed, changing I into I −1 , we can suppose that γ 0 is attracting. If γ 2 is repulsing, then by Lemma 5.1 Θ(A) is a connected set. If γ 1 is repulsing and γ 2 attracting, then by Lemma 5.1 both Θ(A 0 ) and Θ(A 1 ) are connected sets which separate the annulus. In this case, Θ(A) is the union of Θ(A 0 ), of Θ(A 1 ) and of the bounded connected component of the complement of Θ(A 0 )∪Θ(A 1 ) and so Θ(A) is a connected set. Therefore, changing I into I −1 and conjugating it by a change of coordinates (given by Schoenflies' Theorem), we can assume that γ 0 , γ 1 and γ 2 are attracting Euclidean circles.
We will work in A := R × R the universal covering of A = T 1 × R where T 1 = R/Z. We recall that π : A → A is the canonical projection of A onto A and that p 1 : A → R is the projection onto the first coordinate. Let f be the lift of f associated to I, that is, if I = ( f t ) t∈[0,1] is the unique lift of I such that f 0 is the identity of A, then f := f 1 . Recall that f : A → A is a homeomorphism which is isotopic to the identity (this is equivalent to require that f is orientation preserving) and which commutes with the translation T : A → A defined by T (x, y) = (x + 1, y). For j ∈ {0, 1, 2} we define Γ j := π −1 (γ j ) and let Θ( A) := π −1 (Θ(A)). If γ is an essential Jordan curve in A, and Γ = π −1 (γ), we will write U + Γ (resp. U − Γ ) the upper (resp. lower) unbounded connected component of the complement of Γ. From now on, we will write ρ( f ) instead of ρ ann (I).
is a disconnected and nonempty set, then considering an iterate of f instead of f , we can assume the following hypotheses:
(H 1 ) The sets Γ 0 , Γ 1 and Γ 2 are horizontal straight lines such that for i ∈ {0, 1},
(H 2 ) For every integer n ≥ 1, we have f n (Γ 0 ) ∩ Γ 2 = ∅.
For i ∈ {0, 1}, we define by Θ( A i ) the maximal invariant set of A i the topological closed band delimited by Γ i and Γ i+1 .
(H 3 ) The sets Θ( A 0 ) and Θ( A 1 ) are non-empty and
Thus, we have reduced Theorem C to the following theorem.
Theorem C*. Letf : A → A be a homeomorphism isotopic to the identity, commuting with the translation T , and satisfying hypotheses (H 1 ) to (H 3 ). Let Θ( A) be the invariant maximal set of A :
Outline of the proof of Theorem C* In Subsection 6.2, using hypotheses (H 1 ) and (H 2 ), we begin by constructing unstable sets and stable sets of the band A i delimited by Γ i and Γ i+1 . Then we consider their connected components, called unstable branches and stable branches: these are connected and compact sets, contained in A i and meeting Γ i+1 but not Γ i and Γ i but not Γ i+1 respectively. Let Λ − 0 (x) denote the unstable branch of x ∈ Θ( A 0 ) for the band A 0 and let Λ + 1 (y) denote the stable branch of y ∈ Θ( A 1 ) for the band A 1 . Next, in Subsection 6.3, we will study the sequence of iterates of Λ − 0 (x). Using hypothesis (H 3 ) (and in particular that 0 does not belong to ρ Θ( A0) ( f )), we will prove the following properties:
(1) For every compact set K included in A 0 , f n ( K) is disjoint from K for every large enough integer n.
(2) The sequence ( f −n (Λ − 0 (x)) n∈N is uniformly bounded to the right. Finally, in Subsection 6.5, we will finish the proof of Theorem C * . From the previous properties Theorem C * we will be a consequence of the following proposition.
Proposition 6.1. For every x ∈ Θ( A 0 ) there exists y ∈ Θ( A 1 ) such that for every sufficiently large integer n, we have
. By above Property (2) and its symmetric statements the positive and negative iterates of z go to the left. This proves that 0 belongs to ρ Θ( A) ( f ), completing the proof of Theorem C * .
Stable branches and unstable branches
In this subsection, we consider a homeomorphism f : A → A isotopic to the identity, commuting with the translation T and satisfying hypotheses (H 1 ) and (H 2 ). For i ∈ {0, 1}, we define by A i the topological closed band delimited by Γ i and Γ i+1 . Following an idea of Birkhoff, in this subsection we will construct unstable branches and stable branches of the band A i .
Stable sets and unstable sets
Let us begin with the definition of an unstable set (resp. stable set ) of the band A i for f . Proposition 6.3. Let f : A → A be a homeomorphism isotopic to the identity, commuting with the translation T and satisfying hypotheses (H 1 ) and (H 2 ). For i ∈ {0, 1} and for every n ∈ Z, we define
The sets Λ 
We have proved items 1 and 3 of the above definition. Next, let us prove item 2, that is we prove that Λ − i ∩ Γ i+1 = ∅ by contradiction. Suppose that for every
Since f is continuous and commutes with the translation T , we have that n 0 ( z) ≥ n 0 ( z ′ ) for every z ′ close to z and that n 0 ( z) = n 0 (T ( z)). By compactness, we can define the integer
Γi . This contradicts hypothesis (H 2 ), so item 2 is proved.
Stable branches and unstable branches
Now, we state and prove the properties verified by unstable branches (we have the "symmetric properties" for stable branches) that we will use in the next subsections. We have the following properties.
Proposition 6.5. Let f : A → A be a homeomorphism isotopic to the identity, commuting to the translation T and satisfying hypotheses (H 1 ) and (H 2 ). If
The proof of Proposition 6.5 will use following lemma.
Proof of Lemma 6.6. First, for every n in N, from Proposition 6.3 we deduce that Λ
To prove the reverse inclusion we need the following claim. 
Proof of item (2).
We know that Λ − n,i (x) n≥1 is a decreasing sequence of compact and connected sets. Moreover for every integer n ≥ 1, Λ
is a decreasing sequence of compact non-empty sets and so by Proposition 6.3, we have that
This proves item (2).
Proof of item (3). By Proposition 6.3, we have that
Proof of item (4). Let x be in Λ 
On the other hand, since f commutes with T and Γ i+1 is an attracting line, we have
) containing x. We remark that by Keréjártó result (see [LY97] ) the boundary of X is the union of two arcs f (Γ (1) ). Using item (3), we deduce
This contradicts the definition of Λ
By the claim and the first point we deduce that
Consequence of Hypothesis (H 3 )
In this subsection, we consider a homeomorphism f : A → A isotopic to the identity, commuting with the translation T and satisfying hypotheses (H 1 )-(H 3 ). Using hypothesis (H 3 ) we will study the dynamics of unstable branches (we have the symmetric properties for stable branches).
Let us begin by recalling that for i ∈ {0, 1}, the inclusion Θ(
, but we cannot use hypothesis (H 3 ) to conclude that ρ A0 ( f ) ⊂ (0, +∞) and ρ A1 ( f ) ⊂ (−∞, 0). However, using the fact that the straight lines Γ i and Γ i+1 are attracting, we can prove that the above inclusions are true.
Proposition 6.7. For i ∈ {0, 1}, we have
Proof. Recall that we are using the notation ρ Ai ( f ) instead of ρ π( Ai) (I). Let ρ be an element in ρ Ai ( f ). By definition and the fact that γ i = π(Γ i ) and γ i+1 = π(Γ i+1 ) are f -free, there exist a sequence of points (z k ) k∈N and a sequence of integers (n k ) k∈N satisfying:
(i) for every k ∈ N and integer j ∈ {0, · · · , n k } we have
In the sequel, for every real number M , and i ∈ {0, 1} we write
Lemma 6.9. Let x ∈ Θ( A 0 ). For every real number M , there exists n 0 ∈ N such that for every integer n ≥ n 0 we have
Proof. In both cases the proof is analogous, so we only prove the first inclusion.
Let M be a positive real number such that 2M > M 0 and
). By Lemma 6.8, there exists n 0 ∈ N such that for every integer n ≥ n 0 we have
The following claim contradicts the choice of n 0 (see Figure 5 ). Claim. There is an integer n ′′ > n > n ′ ≥ n 0 such that f −n (x) ∈ K.
Proof. Let
(From the choice of n ′ and n ′′ such integer exists). By definition of n, we have p 1 ( f −n+1 (x)) < −M ≤ p 1 ( f −n (x)), and so in order to prove the claim it suffices to check that f −n (x) < M . Recall that for every integer m, the point f m (x) is in A 0 and so
This proves the claim.
We conclude that the sequence (f −n (x)) n≥n0 is contained either in L A0 (−M ) or in R A0 (M ). Since ρ Θ( A0) ( f ) ⊂ (0, +∞), the second inclusion cannot possible, completing the proof of the lemma.
Lemma 6.10. Let x ∈ Θ( A 0 ). Then the sequence { f −n (Λ − 0 (x))} n∈N is uniformly bounded to the right, that is, for every real number M , there exists n 0 ∈ N such that for every integer n ≥ n 0 we have
Proof. Let n ∈ N. Since f −n (Λ − 0 (x)) ⊂ Λ − 0 ( f −n (x)) Proposition 6.5 provides us a real number M − 0 (independent of n) such that for every z ∈ Λ − 0 (x) we have
On the other hand, by Lemma 6.9, we have that lim n→+∞ p 1 ( f −n (x)) = −∞. This completes the proof of the lemma.
Proof of Proposition 6.1
In this section we prove Proposition 6.1 reformulated as follows.
Proposition 6.11 (Proposition 6.1). Let f : A → A be a homeomorphism isotopic to the identity, commuting with the translation T , and satisfying hypotheses (H 1 ) to (H 3 ). For every x ∈ Θ( A 0 ), there exist y ∈ Θ( A 1 ) and a positive integer n 0 such that for every integer n ≥ n 0 , we have
We note that if z ∈ f n (Λ − 0 (x)) ∩ Λ + 1 (y), then z ∈ Θ( A). By Lemma 6.10 and its symmetric result the sequence of positive and negative iterates of z go to the left. We prove to next subsection that this implies Theorem C * .
Proof of Proposition 6.11 Let x ∈ Θ( A 0 ). Since Λ − 0 (x) is a compact set, we can consider a real number M such that Λ • α(0) = z;
• α(1) ∈ Γ 0 ; and
Let R A0 (α) (resp. L A0 (α)) be connected component of A 0 \ α which is unbounded to the right (resp. to the left). Let K = Λ − 0 (x) ∪ α. Since K is a compact subset of A 0 , by Lemma 6.8 there is a positive integer n 0 such that for every integer n ≥ n 0 , we have
Moreover by Lemma 6.9, we can assume that n 0 is large enough such that for every integer n ≥ n 0 . f n (x) ∈ R A0 (α).
From now on, we fix such integer n 0 . Let us consider Λ 
Proposition 6.11 we will be a consequence of the following lemma.
Lemma 6.13. For every integer n ≥ n 0 , we have Let X n be the connected component of A \ C n that contains Int(R A0 (α)).
Remark that since C n is a closed subset of A, X n is an open set of A and Fr(X n ) is contained in C n . Hence X n is bounded to the left, because Λ + 1 (y) ∪ α and f n (Γ r 1 ) are bounded to the left. On the other hand, since by relation (3) f n (x) ∈ R A0 (α) and f n (Λ − 0 (x)) does not meet C n , we have that f n (Λ − 0 (x)) is contained in X n . Therefore the curve f n (Γ l 1 ) which is unbounded to the left must meet Fr(X n ). As Fr(X n ) ⊂ C n , it follows that
Since Γ 1 is an attracting line and since Γ End of the proof of Proposition 6.11. Suppose by contradiction that there exists a sequence of integers (n k ) k∈N which converges to +∞ such that
From Lemma 6.13 we obtain a sequence of points ( z k ) k∈N with z k ∈ Γ l 1 and f n k ( z k ) ∈ Λ + 1 (y). Recall that by (1), we have that Γ l 1 ⊂ L A0 (M ) and Λ + 1 (y) ⊂ R A1 (M ). Hence p 1 ( z k ) < p 1 ( f n k ( z k )). If ρ is a limit point of the sequence (ρ n k ( z k )) k∈N , where
then ρ ≥ 0. This implies that 0 ≤ ρ ∈ ρ A1 ( f ), contradicting Proposition 6.7. This completes the proof of Proposition 6.11.
6.5 End of the proof of Theorem C* Let n 0 ∈ N and let z ∈ f n0 (Λ − 0 (x)) ∩ Λ + 1 (y) given by Proposition 6.11. From the definitions of Λ − 0 (x) and Λ + 1 (y) and the fact that Γ 0 and Γ 2 are f -free, we deduce that z ∈ Θ( A). Moreover by Lemma 6.10 and its symmetric property for stable branches, we know that lim n→+∞ p 1 ( f −n ( z)) = −∞ and lim n→+∞ p 1 ( f n ( z)) = −∞.
Let us consider M 0 := sup
Let k be a positive integer and let us define M := p 1 ( z) − kM 0 . In a similar way as in the proof of the claim in Lemma 6.9, we prove that there are two positive integers n + and n − such that
Therefore by the choice of M and M 0 , we deduce that
• n + + n − ≥ 2k, and
Since k can be chosen arbitrarily large, this implies that 0 belongs to ρ Θ( A) ( f ). This is what we needed to prove.
